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 ~15 yr ago: ringdown is simple and clean…

GW250114
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 … 2026:

 Overtones, starting time, overfitting, mode mixing, echoes, nonlinearities, 
spectral instabilities, environmental effects, redshift/horizon, direct waves…
 Accurate ringdown modelling requires a lot of ingredients
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GW250114

Ringdown is simple… or not?

Class. Quantum Grav. 
43 123001 (2026)

(today)

 ~15 yr ago: ringdown is simple and clean…
 … 2026:

 Overtones, starting time, overfitting, mode mixing, echoes, nonlinearities, 
spectral instabilities, environmental effects, redshift/horizon, direct waves…
 Accurate ringdown modelling requires a lot of ingredients
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Kerr BH

Linear perturbations + 
boundary conditions

BH ringdown in a nutshell

tail

ringdown

prompt 

time domain

 Perturbations on given background, in GR:
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poles
=

eigenvaluescontour

frequency domain

Kerr BH

Linear perturbations + 
boundary conditions
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Ringdown tests of gravity
Beyond GR/Kerr: Shift of QNMs (bkg geometry + dynamics + boundary conditions):

 LVK: 
 Dominant QNM measured in various events

  Overtone detected in GW250114 at O(10)% [LVK PRL 2026]
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Ringdown tests of gravity
Beyond GR/Kerr: Shift of QNMs (bkg geometry + dynamics + boundary conditions):

 

ET
LISA

[Bhagwat+ PRD 2022, Bhagwat+ PRD 2023] 

LVK: 
 Dominant QNM measured in various events

  Overtone detected in GW250114 at O(10)% [LVK PRL 2026]

ET/LISA: 
 3+ QNMs @ (sub)percent level for O(1-100) events/yr 
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QNM spectral instability 
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Different QNM spectrum, same time-domain ringdown

QNM spectral instability #2
Discretized potential 

Nollert PRD 1996
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Environmental effects
More QNM spectral instabilities

echoes
Same prompt 

ringdown

Near-horizon structure

Exotic compact objects
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ECO    

Pseudo-spectrum

Jaramillo+ PRX 2020

Analytical treatment 
with transfer matrix

Ianniccari+ PRL 2024
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Even within linear perturbation theory:

 QNMs (as poles of Green’s function) do not necessarily describe the 
time-domain signal → not directly measurable

 Time-domain signal: prompt response + ringdown + tails

Are there other (stable) observable quantities
 characterizing the post-merger linear response?

Take-home message

prompt
ringdown

tails
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Greybody factors 
as ringdown probes

Oshita 2022-2024 

Okabayashi, Oshita PRD 2024

GW spectral 
amplitude

10/26



P. Pani - GreyRing - GWSky online seminar, June 2026

Greybody factor (GF)
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Greybody factor (GF)
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Greybody factor (GF)

reflectivitygreybody factor
(transmittivity)

“no-hair” quantities
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Greybody & Reflectivity
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GF & ringdown spectral amplitude

Okabayashi, Oshita PRD 2024
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GF & ringdown spectral amplitude

 Rosato, Destounis, Pani
Phys.Rev.D 110 (2024) 12, L121501 

Works also at small frequencies!
Okabayashi, Oshita PRD 2024
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Stability of the GF
Rosato+ PRD 2024-2025
Oshita, Takahashi, Mukohyama PRD 2024

Perturbed potential
QNM spectral instability

14/26



P. Pani - GreyRing - GWSky online seminar, June 2026

Stability of the GF
Perturbed potential

QNM spectral instability

GF is stable!

Rosato+ PRD 2024-2025
Oshita, Takahashi, Mukohyama PRD 2024
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Stability of the GF
Perturbed potential

QNM spectral instability

GF is stable!

High-freq changes in reflectivity

Rosato+ PRD 2024-2025
Oshita, Takahashi, Mukohyama PRD 2024
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Figure 3. Comparison between the real part of the QNM frequencies and the resonances/oscillations displayed by the GF
and reflectivity of a wormhole. As a representative value, we assumed r0 = 2.001M . As a reference, we show the frequency
! = V 1/2

max corresponding to the peak of the e↵ective potential, which roughly separates the low-frequency from the high-
frequency behavior.

tering o↵ the wormhole into two pieces given by the scat-
tering o↵ the individual potentials, using the fact that
the transfer matrix is linear [50]. This can be done ex-
actly when the two potentials are far apart, i.e. when
their separation L � M (see Appendix B for details). In
this limit we obtain the following analytical result for the
GF and reflectivity (see Appendix B 2 for a derivation)
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are the outgoing/ingoing amplitudes in the
Schwarzschild BH case for purely ingoing waves at r⇤ =
�1.
Since ↵in,⇤
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follows
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The latter explicitly illustrates the key features of the
wormhole reflectivity. Specifically, for ! >

p
Vmax,

we find that �lm(!) rapidly approaches unity while
↵in
lm!

↵out
lm!

vanishes. Furthermore, one can numerically
check that � is a slowly-varying function of !. Conse-
quently, the oscillations of Rlm(!) are governed by the
term e2i!L in the above equation. The period of these
oscillations is ⇠ ⇡/L. Finally, as discussed in the next
subsection, the first term in Eq. (12) also explains the
existence of RSMs, where Rlm = 0.

As shown in Appendix B 2, Eq. (10) provides an ex-
cellent approximation of the exact result when L � M
and considering a nontrivial dependent of L = L(!) to

Figure 4. Schematic representation a reflectionless plane wave
e�i!r⇤ for a Schwarzschild-like wormhole. For special discrete
(real) frequencies the wave propagates from one universe to
the other without being altered by the double-barrier poten-
tial.

account for the fact that each frequency sees a di↵erent
e↵ective distance between the potential barriers.

B. RSMs of wormholes

[PP: HERE] In addition to high-frequency oscilla-
tions, Figs. 2 and 3 show also full-fledged high-frequency
resonances where the reflectivity R22 = 0 and �22 = 1.
Thus, the scattering o↵ a wormhole remarkably shows
RSM. These are specific (discrete and countably infinite)
frequencies for which waves, upon interacting with a po-
tential, propagate without being reflected. In the worm-
hole configuration, these special modes are depicted in
Fig. 4. We aim to understand why those modes arise
in the Schwarzschild-like wormhole scenario. Consider
two barrier potentials displaced at a distance L. Via
the transfer matrix formalism one can compute the total
transmission amplitude T of the system. Namely, T is
the complex amplitude of the wave transmitted to the

GFs of horizonless objects

Low-freq Breit-Wigner resonances≡ QNMs
High-freq oscillations

& reflectionless scattering modes

5

Figure 3. Comparison between the real part of the QNM frequencies and the resonances/oscillations displayed by the GF
and reflectivity of a wormhole. As a representative value, we assumed r0 = 2.001M . As a reference, we show the frequency
! = V 1/2

max corresponding to the peak of the e↵ective potential, which roughly separates the low-frequency from the high-
frequency behavior.

tering o↵ the wormhole into two pieces given by the scat-
tering o↵ the individual potentials, using the fact that
the transfer matrix is linear [50]. This can be done ex-
actly when the two potentials are far apart, i.e. when
their separation L � M (see Appendix B for details). In
this limit we obtain the following analytical result for the
GF and reflectivity (see Appendix B 2 for a derivation)

�lm(!) =

�����
1

�
↵in
lm!

�2
e�i!L �

�
↵out,⇤
lm!

�2
ei!L

�����

2

, (10)

Rlm(!) =
���↵in

lm!
↵out
lm!

� ↵in,⇤
lm!

↵out,⇤
lm!

e2i!L

���
2
�lm(!) .

(11)

where ↵out/in
lm!

are the outgoing/ingoing amplitudes in the
Schwarzschild BH case for purely ingoing waves at r⇤ =
�1.
Since ↵in,⇤

lm!
↵out,⇤
lm!

= ↵in
lm!

↵out
lm!

ei� with � = �(!) a
frequency-dependent phase, we can recast Eq. (11) as
follows

Rlm(!) =
���1� ei�(!)e2i!L

���
2 ��↵in

lm!
↵out
lm!

��2 �lm(!) . (12)

The latter explicitly illustrates the key features of the
wormhole reflectivity. Specifically, for ! >

p
Vmax,

we find that �lm(!) rapidly approaches unity while
↵in
lm!

↵out
lm!

vanishes. Furthermore, one can numerically
check that � is a slowly-varying function of !. Conse-
quently, the oscillations of Rlm(!) are governed by the
term e2i!L in the above equation. The period of these
oscillations is ⇠ ⇡/L. Finally, as discussed in the next
subsection, the first term in Eq. (12) also explains the
existence of RSMs, where Rlm = 0.

As shown in Appendix B 2, Eq. (10) provides an ex-
cellent approximation of the exact result when L � M
and considering a nontrivial dependent of L = L(!) to

Figure 4. Schematic representation a reflectionless plane wave
e�i!r⇤ for a Schwarzschild-like wormhole. For special discrete
(real) frequencies the wave propagates from one universe to
the other without being altered by the double-barrier poten-
tial.

account for the fact that each frequency sees a di↵erent
e↵ective distance between the potential barriers.

B. RSMs of wormholes

[PP: HERE] In addition to high-frequency oscilla-
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3

expression does not always represent the probability of
a wave being transmitted through the system. Nonethe-
less, it is important to emphasize that, in the cases of
both black holes and wormholes, the two definitions are
entirely equivalent. See Appendix A for a detailed dis-
cussion.

The inner boundary condition depends on the model
under consideration, and we will discuss it case by case.
Generically, it will related both outgoing and ingoing
modes at the object’s surface, with the amplitude of the
outgoing mode related to the object’s reflection ampli-
tude.

In the following we shall focus on two classes of ultra-
compact objects:

• Schwarzschild-like wormholes [84], where we con-
sider two Regge-Wheeler potentials glued at the
origin, for which the e↵ective potential reads [87],

Vl(r⇤) = ✓(r⇤)Wl(r⇤ + r0⇤) + ✓(�r⇤)Wl(�r⇤ + r0⇤) , (5)

where, Wl(r⇤) is the Regge-Wheeler potential;

• Schwarzschild exotic compact objects (ECOs),
whose exterior metric is described by the
Schwarzschild metric up to an e↵ective radius r0.
For ultracompact objects r0/rh � 1 << 1, with
rh = 2M being the Schwarzschild radius. [PP:

We don’t use ✏ a lot, we could get rid of

it.] [RFR: I got rid of ✏, see if in this way it

works.] The ECO interior will be modeled through
a reflectivity barrier [19? ? ], with the surface re-

flection amplitude RECO(!) at the ECO radius r0
such that, near the e↵ective radius [19, 86, 88]

 ! e�i!(r⇤�r
0
⇤) +RECOe

i!(r⇤�r
0
⇤) , r⇤ ! r0⇤ (6)

where r0⇤ = r⇤(r0). While our formalism is valid for
any RECO(!), for concreteness in the following we
will consider models with constant RECO (where
the case of a nondissipative object corresponds to
|RECO| = 1) as well as models featuring Boltzmann
reflectivity [? ].

The scattering schemes for Schwarzschild-like wormholes
and ECOs are depicted in Fig. 1.
The surface reflection amplitudes analyzed in this work

are presented in Table I. Note that su�ciently com-
pact wormhole spacetimes are included in the reflectivity
model by imposing Eq. (6) at the throat and using the
surface reflection amplitude given in Table I [88].

A. Schwarzschild-like wormhole

In the case of our Schwarzschild-like wormhole, we re-
quire purely left-moving waves at negative infinity, i.e.
(see Fig. 1, top panel)

Xlm! ! e�i!r⇤ r⇤ ! �1 . (7)

Figure 1. Scattering scheme of plane waves e±i!r⇤

for a Schwarzschild-like wormhole (top panel) and for a
Schwarzschild-like ECO modeled by a reflective barrier po-
tential (bottom panel). See text for further details.

Model Surface reflection amplitude

Wormhole RECO(!) = RBH(!)e
�2i!x0

Constant RECO(!) = cost

Boltzmann RECO(!) = e�|!|/TH

Table I. Reflectivity at the ECO surface for di↵erent models.
In the constant reflectivity case R is a complex constant (in-
dependent of !) satisfying |R|  1. In the Boltzmann case
TH represents the horizon temperature. The wormhole case
is described by an e↵ective surface reflection amplitude at the
throat [88] only when the two peaks shown in Fig. 1 are suf-
ficiently far apart.

Due to scattering o↵ the double potential barrier, we
can define the reflectivity and transmittivity of the back-
ground spacetime as in Eq. (4). Moreover, due to the
boundary conditions in the second universe, Eq. (7), the
greybody factors (GFs) can be analogously defined as

�W
lm

(!) =
1

��Ain
lm!

��2
, (8)

as discussed in Appendix A. The physical situation
we have in mind is the following: we are gluing two
Schwarzschild geometries at a wormhole throat located
at r0 > 2M (this is equivalent to using Eq. (5) up to a
translation of the origin). We consider the scattering of a
plane wave originating from infinity through the double
potential barrier. This wave will be partially reflected
and partially transmitted with the probabilities defined
in Eq. (4).
In Fig. 2 we compare both the l = 2 GF and reflectivity

for a wormhole with those of a Schwarzschild BH, all
computed via a direct integration technique [89]. In the

Rosato+; PRD 2025
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HF oscillations → Echoes
Rosato+; PRD 2025

Only high-freq 
corrections

Only low-freq 
corrections

Full signal
(BH+echoes)
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A perfect match: point particle
Rosato+; PRD 2025
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A perfect match: NR simulations

Simple 4-parameter model!

Rosato, Yi, Berti, Pani; Phys.Rev.D 113 (2026) 6, 064060

18/26
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FIG. 1. Mismatch M, defined in Eq. (4), between the nu-
merical Fourier transform H

data
ωm (ω) = |hωm(ω)| from the

simulation SXS:BBH:3922 and two analytical models. The
mismatch is shown over a portion of the (M, ε) plane of
the remnant. The upper panel corresponds to the model
H

(1)
ωm(ω) = MAωm

√
Rωm(ω̄, ε) proposed in Ref. [24], for which

the fit is performed with a single free parameter Aωm, while the
lower panel shows results for the modified model proposed in
this work, H

(2)
ωm(ω) = MAωm

√
Rωm(ω̄, ε)/ω̄

pωm (see Eq. (3)),
where both Aωm and pωm are fitted. The fit is performed
over the range ω̄ → [0.35, 0.75], determined for this specific
simulation as discussed in Appendix II B. For the model H

(1)
ωm ,

the region of minimal mismatch does not exactly coincide
with the true remnant parameters, whereas for the modified
model H

(2)
ωm the true values lie within the minimum-mismatch

region. Overall, the agreement improves by about two orders
of magnitude, with the mismatch M dropping from ↑ 10→3

to ↑10→5 around the true values of the remnant parameters.

ω̄i and ω̄f define the boundaries of the fitting domain,
and the complex conjugation is trivial for the real-valued
functions considered here.

The upper panel of Fig. 1 shows the results obtained
with model H

(1). Although the mismatch reaches values
of order M → 10→3, the minimum-mismatch region in
the (M, ε) plane is relatively broad, indicating a signifi-
cant degeneracy between the remnant mass and spin, and

therefore a weak constraint on the remnant parameters.
In contrast, the lower panel shows that for model H

(2)

the mismatch improves by about two orders of magnitude,
reaching values of order M → 10→5, and that the region
of minimal mismatch is substantially more localized. This
leads to a significantly tighter constraint on the remnant
parameters, with a strong reduction of the (M, ε) degen-
eracy, and with the true values of these parameters lying
well within the minimum-mismatch region.

B. Fitting procedure

Given the model’s preliminarily good agreement with
some numerical relativity data, we have tested it on a large
number of simulations from the SXS catalog to assess its
performance across di!erent physical configurations. In
this section, we describe how to reliably extract Aωm and
pωm from a single simulation.

An example of the Fourier-transformed signal for a
representative simulation (SXS:BBH:3982) is shown in
the top-left panel of Fig. 2. At low frequencies, the
spectrum is dominated by the inspiral phase, where the
amplitude follows the well-known post-Newtonian scaling
Hωm(ω) ↑ ω

→7/6 [38–40]. This behavior sets a physical
lower bound to the applicability of our ringdown model,
which we therefore restrict to frequencies ω > ωx, where
ωx is empirically determined from the data through the
systematic fitting procedure described below.

The spectrum Hωm(ω) decreases monotonically, approx-
imately following a power-law behavior at intermediate
frequencies and an exponential decay at larger frequencies.
Because of the rapid decay of the signal, Hωm(ω) even-
tually reaches the numerical noise level, beyond which
the data are no longer physically meaningful. To avoid
contamination from numerical artifacts, the fits are per-
formed only up to ω < ωcut, where ωcut is defined such
that the numerical-noise contribution to Hωm(ω) remains
below 0.1%. A detailed discussion of how the cuto! fre-
quency ωcut is determined is given in Appendix A; as we
clarify there, the specific choice of ωcut does not a!ect
the estimation of the fitting parameters.

The fitting procedure proceeds as follows:

1. We compute the Fourier transform of one of the
numerical relativity simulations from the SXS cata-
log, as described in Appendix A, and we discard it
above the cuto! frequency ωcut. The top-left panel
of Fig. 2 shows the resulting spectrum for the sim-
ulation SXS:BBH:3982, focusing on the dominant
(ϑ, m) = (2, 2) mode.

2. The remnant mass M and dimensionless spin ε

are available in the SXS metadata. Using these
values, we compute the corresponding reflectivity
Rωm(ω̄, ε) and construct the reduced spectrum

Yωm(ω) = Hωm(ω)√
Rωm(ω̄, ε)

.
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FIG. 1. Mismatch M, defined in Eq. (4), between the nu-
merical Fourier transform H

data
ωm (ω) = |hωm(ω)| from the

simulation SXS:BBH:3922 and two analytical models. The
mismatch is shown over a portion of the (M, ε) plane of
the remnant. The upper panel corresponds to the model
H

(1)
ωm(ω) = MAωm

√
Rωm(ω̄, ε) proposed in Ref. [24], for which

the fit is performed with a single free parameter Aωm, while the
lower panel shows results for the modified model proposed in
this work, H

(2)
ωm(ω) = MAωm

√
Rωm(ω̄, ε)/ω̄

pωm (see Eq. (3)),
where both Aωm and pωm are fitted. The fit is performed
over the range ω̄ → [0.35, 0.75], determined for this specific
simulation as discussed in Appendix II B. For the model H

(1)
ωm ,

the region of minimal mismatch does not exactly coincide
with the true remnant parameters, whereas for the modified
model H

(2)
ωm the true values lie within the minimum-mismatch

region. Overall, the agreement improves by about two orders
of magnitude, with the mismatch M dropping from ↑ 10→3

to ↑10→5 around the true values of the remnant parameters.

ω̄i and ω̄f define the boundaries of the fitting domain,
and the complex conjugation is trivial for the real-valued
functions considered here.

The upper panel of Fig. 1 shows the results obtained
with model H

(1). Although the mismatch reaches values
of order M → 10→3, the minimum-mismatch region in
the (M, ε) plane is relatively broad, indicating a signifi-
cant degeneracy between the remnant mass and spin, and

therefore a weak constraint on the remnant parameters.
In contrast, the lower panel shows that for model H

(2)

the mismatch improves by about two orders of magnitude,
reaching values of order M → 10→5, and that the region
of minimal mismatch is substantially more localized. This
leads to a significantly tighter constraint on the remnant
parameters, with a strong reduction of the (M, ε) degen-
eracy, and with the true values of these parameters lying
well within the minimum-mismatch region.

B. Fitting procedure

Given the model’s preliminarily good agreement with
some numerical relativity data, we have tested it on a large
number of simulations from the SXS catalog to assess its
performance across di!erent physical configurations. In
this section, we describe how to reliably extract Aωm and
pωm from a single simulation.

An example of the Fourier-transformed signal for a
representative simulation (SXS:BBH:3982) is shown in
the top-left panel of Fig. 2. At low frequencies, the
spectrum is dominated by the inspiral phase, where the
amplitude follows the well-known post-Newtonian scaling
Hωm(ω) ↑ ω

→7/6 [38–40]. This behavior sets a physical
lower bound to the applicability of our ringdown model,
which we therefore restrict to frequencies ω > ωx, where
ωx is empirically determined from the data through the
systematic fitting procedure described below.

The spectrum Hωm(ω) decreases monotonically, approx-
imately following a power-law behavior at intermediate
frequencies and an exponential decay at larger frequencies.
Because of the rapid decay of the signal, Hωm(ω) even-
tually reaches the numerical noise level, beyond which
the data are no longer physically meaningful. To avoid
contamination from numerical artifacts, the fits are per-
formed only up to ω < ωcut, where ωcut is defined such
that the numerical-noise contribution to Hωm(ω) remains
below 0.1%. A detailed discussion of how the cuto! fre-
quency ωcut is determined is given in Appendix A; as we
clarify there, the specific choice of ωcut does not a!ect
the estimation of the fitting parameters.

The fitting procedure proceeds as follows:

1. We compute the Fourier transform of one of the
numerical relativity simulations from the SXS cata-
log, as described in Appendix A, and we discard it
above the cuto! frequency ωcut. The top-left panel
of Fig. 2 shows the resulting spectrum for the sim-
ulation SXS:BBH:3982, focusing on the dominant
(ϑ, m) = (2, 2) mode.

2. The remnant mass M and dimensionless spin ε

are available in the SXS metadata. Using these
values, we compute the corresponding reflectivity
Rωm(ω̄, ε) and construct the reduced spectrum

Yωm(ω) = Hωm(ω)√
Rωm(ω̄, ε)

.
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up to the usual selection rules that eliminate the odd (resp., even) contribution when ω+m is even (resp., odd).
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or arise from a non-vanishing energy–momentum tensor, as in the plunging particle scenario [44]. In this case, the
source can be written as [45–48]

Sωm(t, r→) = fωm(t, r→)ϑ(r→ → r→(t)) + gωm(t, r→)εr→ϑ(r→ → r→(t)) , (7)

where r→(t) is the trajectory of the test-particle. Explicit expressions for the functions fωm(t, r→), gωm(t, r→) are given
in Appendix A.

In the frequency domain, assuming a time dependence ↑ e↑iεt, the response of a perturbed black hole obeys the
one-dimensional wave equation
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where ϖ is the frequency. The source term S̃ωm(ϖ, r) encodes the perturbation mechanism. The homogeneous version
of Eq. (8) admits asymptotically, both at the horizon and at infinity, plane-wave solutions. We single out particular
solutions according to their behaviour at the boundaries. In particular, we define
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and following Ref. [14], we obtain

G̃ωm(r→, r
↑
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ωmε
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2ω
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ωmε
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We can then define (see Fig. 2 for a schematic picture)
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udown
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Figure 2. Schematic picture of the two causally distinct contributions G(1)
ωm and G

(2)
ωm for a source S supported outside the light

ring (r→ > 3M) and an observer O at future null infinity, O → I +. The e!ective potential barrier peaked near the light ring acts

as a scattering region. The direct channel, associated with G
(1)
ωm, propagates outward from S to O without probing the barrier

and therefore activates the prompt response at t
1
0. The scattered channel, associated with G

(2)
ωm, initially propagates inward,

interacts with the barrier, and is backscattered to infinity. It reaches O only after a time delay ”t = t
2
0↑t

1
0 = 2r→↑↑4M log

(
f(r→)

)

(see Eq. (72) and Sec. III B). This causal delay underlies the fact that the ringdown contribution (quasinormal ringing plus

late-time tails) is governed by G
(2)
ωm and is modulated by the reflection coe#cient, directly related to the greybody factor.

The two contributions G(1)
ωm

and G(2)
ωm

have a clear physical interpretation as the direct response propagating to the
observer and the component generated by the interaction with the e!ective potential, respectively. While Ref. [14]
showed that these two contributions are causally disconnected at the level of the QNM poles, and Ref. [15] established
the same result for the prompt response, the structure of the corresponding late-time contribution has not yet been
analyzed in detail.

Although the decomposition in Eq. (20) is formally valid everywhere, its physical interpretation requires some care.

In particular, the identification of G(1)
ωm

as a direct component propagating to infinity and G(2)
ωm

as a contribution
generated by scattering o! the e!ective potential is meaningful only when the source lies outside the peak of the
potential barrier. In this case, a portion of the radiation can propagate directly to infinity without interacting with
the potential barrier, while the remaining part is produced by backscattering o! the barrier. For the Schwarzschild
potential this condition is approximately satisfied for r↑ ↭ 3M . Conversely, when the source lies inside the light
ring (r↑ < 3M), all radiation reaching infinity must first tunnel through the potential barrier, so that no component
can propagate directly to infinity and the distinction between a direct and a scattered contribution loses its physical
meaning.

A. Late-time contribution

In the following, we first compute the late-time tail of the full retarded Green’s function for an observer at future
null infinity, extending the small-frequency expansion beyond leading order and deriving the hierarchy of subleading

6

1. A causal decomposition

In the presence of a source, as defined above, the waveform can be written in general as

!ωm(t, r) =

∫ →

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (17)

In this work, we consider the following decomposition of the response, isolating in particular the near–horizon contri-
bution of the source from the contribution arising at larger values of r↑/M . As a reference scale for this separation,
we adopt the light ring location r↑ = 3M , which lies close to the maximum of the e”ective potential barrier associated
with the wave equation under consideration. Hence,

!ωm(t, r) =

∫ 3M

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) +

∫ →

3M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (18)

This decomposition will allow us to clarify several structural features of the signal that are directly connected to its
causal properties.

2. Numerical code

To test the analytical predictions derived in this work, we present numerical solutions of the Regge-Wheeler/Zerilli
problem in Eq. (5), for two di”erent cases: an impulsive source as in Eq. (12), to solve directly for the Green’s function;
a test-particle driving the perturbations, using the source in Eq. (7).

The solutions are computed using the RWZHyp code [49, 50]; the code is characterized by a homogeneous grid in r↓
inside which the compact source is non-vanishing. The grid is cut for a certain negative value of r↓, large in absolute
value, so that the horizon is not included in the computational domain. At large distances, the grid is attached to a
hyperboloidal layer. The layer is parametrized by the retarded time u and the compactified coordinate ω, function of
r↓, so that I+ is brought at a finite location denoted as ω+. It is possible to compute the signal at I+ without need
for extrapolation. The layer coordinates (u, ω) are related to the standard computational domain coordinates (t, r↓)
through

u→ ω = t→ r↓ . (19)

The code uses double precision operations; we use the same resolution as in Ref. [51], to which we refer for an in-depth
investigation of the code convergence.

When solving for the Green’s function, we approximate the Dirac delta source in Eq. (12) through narrow Gaussians.
Analogously, we use a Gaussian to approximate the Dirac delta in the test-particle source in Eq. (7). This source
is located along the test-particle trajectory, obtained by solving the Hamiltonian equations of motions driven by the
analytical radiation-reaction e”ective forces derived in Refs. [52, 53]. We refer to Appendix A and Ref. [48] for their
explicit expressions.

In this work, we will analyze two di”erent planar trajectories of a test-particle with mass µ: a radial infall from
r0 = 50M , with µ-rescaled initial energy E0 = 1.00; an eccentric inspiral with initial eccentricity 2 e0 = 0.5, µ-
rescaled initial energy and µ-rescaled angular momentum E0 = 0.9587 and pε,0 = 3.6502, respectively. Note that the
eccentricity remains approximately constant throughout the inspiral evolution, such that at the separatrix crossing
(after which no stable bound orbits exist and the system transitions to plunge) it holds esep = 0.483.

III. SOURCE OUTSIDE THE LIGHT RING

In the region r↑ > 3M , naturally one can divide the Green’s function into two contributions. In particular, placing
the observer at spatial infinity, we evaluate Eq. (13) in the limit r ↑ +↓. Using the identity [11]

uin
ωmϑ

= Ain
ωmϑ

udown
ωmϑ

+Aout
ωmϑ

uup
ωmϑ

, (20)

2 We define the eccentricity through the location of the apastron and the periastron, r±, as e → r+→r→
r++r→
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are the ingoing and outgoing wave amplitudes at spatial infinity. These coe#cients define the reflection
and transmission coe#cients (also known as greybody factors)
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A linearly independent solution is
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and the solution uup
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provides a purely outgoing mode at infinity.
We define the Green’s function as solution of Eq. (5), with an impulsive source in (t, r→) coordinates, i.e.
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and following Ref. [14], we obtain

G̃ωm(r→, r
↑
→,ω) =

i eiεr→

2ω
udown
ωmε

(r↑→) +
Aout

ωmε

Ain
ωmε

i eiεr→

2ω
uup
ωmε

(r↑→) . (21)

We can then define (see Fig. 2 for a schematic picture)
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↑
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i eiεr
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ωmε

(r↑→) . (22)

Figure 2. Schematic picture of the two causally distinct contributions G(1)
ωm and G

(2)
ωm for a source S supported outside the light

ring (r→ > 3M) and an observer O at future null infinity, O → I +. The e!ective potential barrier peaked near the light ring acts

as a scattering region. The direct channel, associated with G
(1)
ωm, propagates outward from S to O without probing the barrier

and therefore activates the prompt response at t
1
0. The scattered channel, associated with G

(2)
ωm, initially propagates inward,

interacts with the barrier, and is backscattered to infinity. It reaches O only after a time delay ”t = t
2
0↑t

1
0 = 2r→↑↑4M log

(
f(r→)

)

(see Eq. (72) and Sec. III B). This causal delay underlies the fact that the ringdown contribution (quasinormal ringing plus

late-time tails) is governed by G
(2)
ωm and is modulated by the reflection coe#cient, directly related to the greybody factor.

The two contributions G(1)
ωm

and G(2)
ωm

have a clear physical interpretation as the direct response propagating to the
observer and the component generated by the interaction with the e!ective potential, respectively. While Ref. [14]
showed that these two contributions are causally disconnected at the level of the QNM poles, and Ref. [15] established
the same result for the prompt response, the structure of the corresponding late-time contribution has not yet been
analyzed in detail.

Although the decomposition in Eq. (20) is formally valid everywhere, its physical interpretation requires some care.

In particular, the identification of G(1)
ωm

as a direct component propagating to infinity and G(2)
ωm

as a contribution
generated by scattering o! the e!ective potential is meaningful only when the source lies outside the peak of the
potential barrier. In this case, a portion of the radiation can propagate directly to infinity without interacting with
the potential barrier, while the remaining part is produced by backscattering o! the barrier. For the Schwarzschild
potential this condition is approximately satisfied for r↑ ↭ 3M . Conversely, when the source lies inside the light
ring (r↑ < 3M), all radiation reaching infinity must first tunnel through the potential barrier, so that no component
can propagate directly to infinity and the distinction between a direct and a scattered contribution loses its physical
meaning.

A. Late-time contribution

In the following, we first compute the late-time tail of the full retarded Green’s function for an observer at future
null infinity, extending the small-frequency expansion beyond leading order and deriving the hierarchy of subleading
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1. A causal decomposition

In the presence of a source, as defined above, the waveform can be written in general as

!ωm(t, r) =

∫ →

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (17)

In this work, we consider the following decomposition of the response, isolating in particular the near–horizon contri-
bution of the source from the contribution arising at larger values of r↑/M . As a reference scale for this separation,
we adopt the light ring location r↑ = 3M , which lies close to the maximum of the e”ective potential barrier associated
with the wave equation under consideration. Hence,

!ωm(t, r) =

∫ 3M

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) +

∫ →

3M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (18)

This decomposition will allow us to clarify several structural features of the signal that are directly connected to its
causal properties.

2. Numerical code

To test the analytical predictions derived in this work, we present numerical solutions of the Regge-Wheeler/Zerilli
problem in Eq. (5), for two di”erent cases: an impulsive source as in Eq. (12), to solve directly for the Green’s function;
a test-particle driving the perturbations, using the source in Eq. (7).

The solutions are computed using the RWZHyp code [49, 50]; the code is characterized by a homogeneous grid in r↓
inside which the compact source is non-vanishing. The grid is cut for a certain negative value of r↓, large in absolute
value, so that the horizon is not included in the computational domain. At large distances, the grid is attached to a
hyperboloidal layer. The layer is parametrized by the retarded time u and the compactified coordinate ω, function of
r↓, so that I+ is brought at a finite location denoted as ω+. It is possible to compute the signal at I+ without need
for extrapolation. The layer coordinates (u, ω) are related to the standard computational domain coordinates (t, r↓)
through

u→ ω = t→ r↓ . (19)

The code uses double precision operations; we use the same resolution as in Ref. [51], to which we refer for an in-depth
investigation of the code convergence.

When solving for the Green’s function, we approximate the Dirac delta source in Eq. (12) through narrow Gaussians.
Analogously, we use a Gaussian to approximate the Dirac delta in the test-particle source in Eq. (7). This source
is located along the test-particle trajectory, obtained by solving the Hamiltonian equations of motions driven by the
analytical radiation-reaction e”ective forces derived in Refs. [52, 53]. We refer to Appendix A and Ref. [48] for their
explicit expressions.

In this work, we will analyze two di”erent planar trajectories of a test-particle with mass µ: a radial infall from
r0 = 50M , with µ-rescaled initial energy E0 = 1.00; an eccentric inspiral with initial eccentricity 2 e0 = 0.5, µ-
rescaled initial energy and µ-rescaled angular momentum E0 = 0.9587 and pε,0 = 3.6502, respectively. Note that the
eccentricity remains approximately constant throughout the inspiral evolution, such that at the separatrix crossing
(after which no stable bound orbits exist and the system transitions to plunge) it holds esep = 0.483.

III. SOURCE OUTSIDE THE LIGHT RING

In the region r↑ > 3M , naturally one can divide the Green’s function into two contributions. In particular, placing
the observer at spatial infinity, we evaluate Eq. (13) in the limit r ↑ +↓. Using the identity [11]

uin
ωmϑ

= Ain
ωmϑ

udown
ωmϑ

+Aout
ωmϑ

uup
ωmϑ

, (20)

2 We define the eccentricity through the location of the apastron and the periastron, r±, as e → r+→r→
r++r→

4

where r→ is the tortoise coordinate, defined through

dr→
dr

=

(
1→

2M

r

)↑1

, (3)

and the e!ective potential V e/o

ωm
(r) depends on the parity sector.

At large radii, the master functions reproduce the gravitational-wave polarizations according to
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G2, scatteredG1, direct

Green’s function:
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where r→ is the tortoise coordinate, defined through
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and the e!ective potential V e/o
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(r) depends on the parity sector.

At large radii, the master functions reproduce the gravitational-wave polarizations according to

hωm(t, r) =
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(ω+ 2)!
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ωm
+ i”o

ωm
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+O(r↑2) , (4)

up to the usual selection rules that eliminate the odd (resp., even) contribution when ω+m is even (resp., odd).
In the presence of a source, the perturbation equation takes the form
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where the source term may encode the initial data through

S
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ωm

(t, r→) = ”ωm(t0, r→) εtϑ(t→ t0) + εt”ωm(t0, r→) ϑ(t→ t0) , (6)

or arise from a non-vanishing energy–momentum tensor, as in the plunging particle scenario [44]. In this case, the
source can be written as [45–48]

Sωm(t, r→) = fωm(t, r→)ϑ(r→ → r→(t)) + gωm(t, r→)εr→ϑ(r→ → r→(t)) , (7)

where r→(t) is the trajectory of the test-particle. Explicit expressions for the functions fωm(t, r→), gωm(t, r→) are given
in Appendix A.

In the frequency domain, assuming a time dependence ↑ e↑iεt, the response of a perturbed black hole obeys the
one-dimensional wave equation
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where ϖ is the frequency. The source term S̃ωm(ϖ, r) encodes the perturbation mechanism. The homogeneous version
of Eq. (8) admits asymptotically, both at the horizon and at infinity, plane-wave solutions. We single out particular
solutions according to their behaviour at the boundaries. In particular, we define
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and transmission coe#cients (also known as greybody factors)
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and the solution uup
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= udown
ωm,↑ε

provides a purely outgoing mode at infinity.
We define the Green’s function as solution of Eq. (5), with an impulsive source in (t, r→) coordinates, i.e.
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and following Ref. [14], we obtain

G̃ωm(r→, r
↑
→,ω) =

i eiεr→

2ω
udown
ωmε

(r↑→) +
Aout

ωmε

Ain
ωmε

i eiεr→

2ω
uup
ωmε

(r↑→) . (21)

We can then define (see Fig. 2 for a schematic picture)

G̃(1)
ωm

(r→, r
↑
→,ω) =

i eiεr

2ω
udown
ωmε

(r↑→) , G̃(2)
ωm

(r→, r
↑
→,ω) =

Aout
ωmε

Ain
ωmε

i eiεr

2ω
uup
ωmε

(r↑→) . (22)

Figure 2. Schematic picture of the two causally distinct contributions G(1)
ωm and G

(2)
ωm for a source S supported outside the light

ring (r→ > 3M) and an observer O at future null infinity, O → I +. The e!ective potential barrier peaked near the light ring acts

as a scattering region. The direct channel, associated with G
(1)
ωm, propagates outward from S to O without probing the barrier

and therefore activates the prompt response at t
1
0. The scattered channel, associated with G

(2)
ωm, initially propagates inward,

interacts with the barrier, and is backscattered to infinity. It reaches O only after a time delay ”t = t
2
0↑t

1
0 = 2r→↑↑4M log

(
f(r→)

)

(see Eq. (72) and Sec. III B). This causal delay underlies the fact that the ringdown contribution (quasinormal ringing plus

late-time tails) is governed by G
(2)
ωm and is modulated by the reflection coe#cient, directly related to the greybody factor.

The two contributions G(1)
ωm

and G(2)
ωm

have a clear physical interpretation as the direct response propagating to the
observer and the component generated by the interaction with the e!ective potential, respectively. While Ref. [14]
showed that these two contributions are causally disconnected at the level of the QNM poles, and Ref. [15] established
the same result for the prompt response, the structure of the corresponding late-time contribution has not yet been
analyzed in detail.

Although the decomposition in Eq. (20) is formally valid everywhere, its physical interpretation requires some care.

In particular, the identification of G(1)
ωm

as a direct component propagating to infinity and G(2)
ωm

as a contribution
generated by scattering o! the e!ective potential is meaningful only when the source lies outside the peak of the
potential barrier. In this case, a portion of the radiation can propagate directly to infinity without interacting with
the potential barrier, while the remaining part is produced by backscattering o! the barrier. For the Schwarzschild
potential this condition is approximately satisfied for r↑ ↭ 3M . Conversely, when the source lies inside the light
ring (r↑ < 3M), all radiation reaching infinity must first tunnel through the potential barrier, so that no component
can propagate directly to infinity and the distinction between a direct and a scattered contribution loses its physical
meaning.

A. Late-time contribution

In the following, we first compute the late-time tail of the full retarded Green’s function for an observer at future
null infinity, extending the small-frequency expansion beyond leading order and deriving the hierarchy of subleading
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1. A causal decomposition

In the presence of a source, as defined above, the waveform can be written in general as

!ωm(t, r) =

∫ →

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (17)

In this work, we consider the following decomposition of the response, isolating in particular the near–horizon contri-
bution of the source from the contribution arising at larger values of r↑/M . As a reference scale for this separation,
we adopt the light ring location r↑ = 3M , which lies close to the maximum of the e”ective potential barrier associated
with the wave equation under consideration. Hence,

!ωm(t, r) =

∫ 3M

2M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) +

∫ →

3M
dr↑

∫
t

t0

dt↑ Gωm(t→ t↑, r↓, r
↑
↓)Sωm(r↑, t↑) . (18)

This decomposition will allow us to clarify several structural features of the signal that are directly connected to its
causal properties.

2. Numerical code

To test the analytical predictions derived in this work, we present numerical solutions of the Regge-Wheeler/Zerilli
problem in Eq. (5), for two di”erent cases: an impulsive source as in Eq. (12), to solve directly for the Green’s function;
a test-particle driving the perturbations, using the source in Eq. (7).

The solutions are computed using the RWZHyp code [49, 50]; the code is characterized by a homogeneous grid in r↓
inside which the compact source is non-vanishing. The grid is cut for a certain negative value of r↓, large in absolute
value, so that the horizon is not included in the computational domain. At large distances, the grid is attached to a
hyperboloidal layer. The layer is parametrized by the retarded time u and the compactified coordinate ω, function of
r↓, so that I+ is brought at a finite location denoted as ω+. It is possible to compute the signal at I+ without need
for extrapolation. The layer coordinates (u, ω) are related to the standard computational domain coordinates (t, r↓)
through

u→ ω = t→ r↓ . (19)

The code uses double precision operations; we use the same resolution as in Ref. [51], to which we refer for an in-depth
investigation of the code convergence.

When solving for the Green’s function, we approximate the Dirac delta source in Eq. (12) through narrow Gaussians.
Analogously, we use a Gaussian to approximate the Dirac delta in the test-particle source in Eq. (7). This source
is located along the test-particle trajectory, obtained by solving the Hamiltonian equations of motions driven by the
analytical radiation-reaction e”ective forces derived in Refs. [52, 53]. We refer to Appendix A and Ref. [48] for their
explicit expressions.

In this work, we will analyze two di”erent planar trajectories of a test-particle with mass µ: a radial infall from
r0 = 50M , with µ-rescaled initial energy E0 = 1.00; an eccentric inspiral with initial eccentricity 2 e0 = 0.5, µ-
rescaled initial energy and µ-rescaled angular momentum E0 = 0.9587 and pε,0 = 3.6502, respectively. Note that the
eccentricity remains approximately constant throughout the inspiral evolution, such that at the separatrix crossing
(after which no stable bound orbits exist and the system transitions to plunge) it holds esep = 0.483.

III. SOURCE OUTSIDE THE LIGHT RING

In the region r↑ > 3M , naturally one can divide the Green’s function into two contributions. In particular, placing
the observer at spatial infinity, we evaluate Eq. (13) in the limit r ↑ +↓. Using the identity [11]

uin
ωmϑ

= Ain
ωmϑ

udown
ωmϑ

+Aout
ωmϑ

uup
ωmϑ

, (20)

2 We define the eccentricity through the location of the apastron and the periastron, r±, as e → r+→r→
r++r→

4

where r→ is the tortoise coordinate, defined through

dr→
dr
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2M

r

)↑1

, (3)
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where ϖ is the frequency. The source term S̃ωm(ϖ, r) encodes the perturbation mechanism. The homogeneous version
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We define the Green’s function as solution of Eq. (5), with an impulsive source in (t, r→) coordinates, i.e.
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Reflection coefficient!
(~sqrt(reflectivity))

Green’s function:

Why Greybody in the waveform?

G2, scatteredG1, direct

20/26



P. Pani - GreyRing - GWSky online seminar, June 2026

2

insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10

→6
) for the

dominant quadrupole mode, thus enabling new ringdown
tests of gravity with current and future detectors.
GreyRing. The gravitational-wave signal in the time
domain can be written as

h+ → ih↑ =
1

dL

∑

ωm

hωm(t) →2Yωm(ω, ε) , (1)

where h+ and h↑ denote the plus and cross polariza-
tions of the gravitational wave, dL is the luminosity dis-
tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
evaluated at the polar angle ω (inclination) and azimuthal
angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =

∫
+↓
→↓ dt e

iεt
hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
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phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
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(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
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including a a model for the phase:
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quadrupolar signal of a comparable-mass binary BH simula-
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domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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which guarantees stability of the fitting parameters while
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upper panel we show that the model of Eq. (3) accu-
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phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,
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was previously validated against numerical relativity sim-
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ted as functions of the progenitor parameters [50]. Here,
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including a a model for the phase:
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quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
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domain (see also [45, 47] for earlier work based on a
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nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e

i
cωm
Mε e

i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:
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quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
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merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,
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Aωm
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Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
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Validation against numerical simulations. In
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alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
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phase. We detrend the numerical phase by subtracting
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10
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) for the

dominant quadrupole mode, thus enabling new ringdown
tests of gravity with current and future detectors.
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where h+ and h↑ denote the plus and cross polariza-
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tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
evaluated at the polar angle ω (inclination) and azimuthal
angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =

∫
+↓
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iεt
hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
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Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:

arg

(
h̃ωm(ϖ)

)
= arg(Rωm(Mϖ, ϱ))+ϖtc+ςc+
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The term ↑ cωm/(Mϖ) is the simplest among a family of
parametrizations discussed in the Supplemental Material.
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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merger signal, extending previous models that were lim-
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comparable-mass, aligned-spin numerical relativity wave-
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Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10
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where h+ and h↑ denote the plus and cross polariza-
tions of the gravitational wave, dL is the luminosity dis-
tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
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angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =
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hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as
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MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e
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i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:

arg

(
h̃ωm(ϖ)

)
= arg(Rωm(Mϖ, ϱ))+ϖtc+ςc+
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. (4)

The term ↑ cωm/(Mϖ) is the simplest among a family of
parametrizations discussed in the Supplemental Material.
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10
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where h+ and h↑ denote the plus and cross polariza-
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tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
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angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
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+↓
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hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e
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i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:
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(
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)
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10
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) for the

dominant quadrupole mode, thus enabling new ringdown
tests of gravity with current and future detectors.
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where h+ and h↑ denote the plus and cross polariza-
tions of the gravitational wave, dL is the luminosity dis-
tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
evaluated at the polar angle ω (inclination) and azimuthal
angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =

∫
+↓
→↓ dt e

iεt
hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e
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i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:

arg

(
h̃ωm(ϖ)

)
= arg(Rωm(Mϖ, ϱ))+ϖtc+ςc+
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The term ↑ cωm/(Mϖ) is the simplest among a family of
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the
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insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10

→6
) for the

dominant quadrupole mode, thus enabling new ringdown
tests of gravity with current and future detectors.
GreyRing. The gravitational-wave signal in the time
domain can be written as

h+ → ih↑ =
1

dL

∑

ωm

hωm(t) →2Yωm(ω, ε) , (1)

where h+ and h↑ denote the plus and cross polariza-
tions of the gravitational wave, dL is the luminosity dis-
tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
evaluated at the polar angle ω (inclination) and azimuthal
angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =

∫
+↓
→↓ dt e

iεt
hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e

i
cωm
Mε e

i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:

arg

(
h̃ωm(ϖ)

)
= arg(Rωm(Mϖ, ϱ))+ϖtc+ςc+

cωm

Mϖ
. (4)

The term ↑ cωm/(Mϖ) is the simplest among a family of
parametrizations discussed in the Supplemental Material.

10
0

10
1

� � �h̃
2
2

� � �

R
e[

�
22

0
]

���h̃22

��� SXS:BBH:3617

fit MA |R22| /(M!)
p

0.2 0.3 0.4 0.5 0.6

M�

�2

0

2

4

6

ar
g(

h̃
2
2
)

arg(R22)

arg(h̃22) SXS:BBH:3617

fit arg(R22) +
c

M!

FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the

Phase

Amplitude

NUMERICAL SIMULATIONS

Mismatch:

10°7 10°6 10°5 10°4 10°3 10°2

M
0

20

40

60

80

100

120

N
si

m
s

(2, 2)

(3, 3), q > 1.001

(4, 4)

9

2

insights [51], the model accurately reproduces both the
amplitude and the phase of the frequency-domain post-
merger signal, extending previous models that were lim-
ited to the amplitude [38, 45, 46, 48, 50]. We show
that GreyRing reproduces a large representative set of
comparable-mass, aligned-spin numerical relativity wave-
forms with typical mismatches of order O(10

→6
) for the

dominant quadrupole mode, thus enabling new ringdown
tests of gravity with current and future detectors.
GreyRing. The gravitational-wave signal in the time
domain can be written as

h+ → ih↑ =
1

dL

∑

ωm

hωm(t) →2Yωm(ω, ε) , (1)

where h+ and h↑ denote the plus and cross polariza-
tions of the gravitational wave, dL is the luminosity dis-
tance to the source, and →2Yωm are spin-weighted spher-
ical harmonics with angular multipole numbers (ϑ, m),
evaluated at the polar angle ω (inclination) and azimuthal
angle ε specifying the direction of the observer in the
source frame. The frequency-domain counterpart of each
multipole is h̃ωm(ϖ) =

∫
+↓
→↓ dt e

iεt
hωm(t). Recently,

Ref. [51] showed that the greybody factor is directly en-
coded in the component of the Green’s function governing
the linear ringdown response of a BH in the frequency
domain (see also [45, 47] for earlier work based on a
model valid for sources at asymptotic infinity), providing
an analytical foundation for previous phenomenological
proposals describing the spectral amplitude of the sig-
nal [38, 45, 46, 48, 50]. Based on this theoretical insight,
we propose to model each multipole as

h̃ωm(ϖ) =
MAωm

(Mϖ)pωm
Rωm(Mϖ, ϱ) e

i
cωm
Mε e

i(ϑc+εtc) . (2)

Here Rωm is the complex reflection amplitude, defined in
terms of the greybody factor as the ratio between the
outgoing and ingoing wave amplitudes in the remnant
geometry (see Supplemental Material); ςc and tc are the
phase and time of coalescence, respectively; and Aωm,
pωm, and cωm are source-dependent fitting parameters.
In particular, the model for the amplitude,

|h̃ωm(ϖ)| = M
Aωm

(Mϖ)pωm
|Rωm(Mϖ, ϱ)| , (3)

was previously validated against numerical relativity sim-
ulations of binary BH mergers, and (Aωm, pωm) were fit-
ted as functions of the progenitor parameters [50]. Here,
for the first time, we complete the waveform template by
including a a model for the phase:

arg

(
h̃ωm(ϖ)

)
= arg(Rωm(Mϖ, ϱ))+ϖtc+ςc+

cωm

Mϖ
. (4)

The term ↑ cωm/(Mϖ) is the simplest among a family of
parametrizations discussed in the Supplemental Material.
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FIG. 1. Fit of the GreyRing model to the post-merger
quadrupolar signal of a comparable-mass binary BH simula-
tion (SXS:BBH:3617). Top panel: amplitude of the Fourier-
domain waveform (black), compared with the model in Eq. (3)
(dashed orange). Bottom panel: detrended phase of the nu-
merical signal (black) and of the greybody factor R22 (blue),
together with the fitted model including the cωm/(Mω) cor-
rection (dashed orange): see Eq. (4). The gray shaded region
indicates the fitting range, while the dotted vertical line marks
the real part of the fundamental QNM for reference.

Overall, each (ϑ, m) multipole is modeled by 7 real
parameters: M , ϱ, the time and phase of coalescence
(ςc, tc), and 3 free parameters (Aωm, pωm, cωm).
Validation against numerical simulations. In
Fig. 1 we illustrate the performance of the model on the
numerical relativity simulation SXS:BBH:3617 from the
Simulating eXtreme Spacetimes (SXS) collaboration cat-
alog [52, 53]. The model is fitted over the frequency in-
terval ϖ ↓ [ϖi, ϖf ] following the prescription of Ref. [50],
which guarantees stability of the fitting parameters while
avoiding contamination from numerical noise. In the
upper panel we show that the model of Eq. (3) accu-
rately reproduces the numerical amplitude |h̃ωm(ϖ)|. In
the lower panel we present a similar comparison for the
phase. We detrend the numerical phase by subtracting
its best-fit linear component, related to the term ϖtc +ςc

in Eq. (4). A minimal model in which we similarly de-
trend the phase of Rωm(Mϖ, ϱ) (shown in blue) already
exhibits very good agreement. Including the subleading
term cωm/(Mϖ) yielding excellent agreement between the

NUMERICAL SIMULATIONS

Mismatch:

10°7 10°6 10°5 10°4 10°3 10°2

M
0

20

40

60

80

100

120

N
si

m
s

(2, 2)

(3, 3), q > 1.001

(4, 4)

9

mismatch

21/26



P. Pani - GreyRing - GWSky online seminar, June 2026

Back to time domain
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Novel test of GR with GREYRING
Rosato+; 2604.11895 

spectroscopy
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Novel test of GR with GREYRING
Rosato+; 2604.11895 

 Ringdown-only, agnostic consistency test

 Only dominant l=m=2 mode

 No overtones involved (“resummed”)

 Entire frequency dependence

spectroscopy

greybody factor
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GW250114 with GREYRING
GW250114
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GW250114 with GREYRINGSTARTING TIME vs STARTING FREQUENCY
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Dependence on starting frequency much weaker compared 
to dependence on starting time in ordinary spectroscopy
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Conclusion & Outlook

26/26

Ceci n’est pas simple
Work in progress with GREYRING :

 Improved IMR waveform models with GFs

 Theory-specific tests

 Include mode-mixing, nonlinearities, ...

 Fitting formulas from NR, incl. precession

Ringdown is complicated...but rich!

 QNMs (as eigenvalues/poles) do not necessarily 
describe time-domain signal 

 Greybody factors imprinted in ringdown

 Novel tests of gravity

My precious...
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Thanks for your attention!

My precious...
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Backup slides
“Nothing is More Necessary than the 

Unnecessary” [cit.]
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FIG. 9. Posterior summary for the parameters (A, p, c) as
a function of the lower cuto! frequency fmin, with fmax =

512 Hz. Black dots denote posterior medians, while red
and blue bars indicate 1ω and 90% credible intervals, re-
spectively. The dashed horizontal lines mark the refer-
ence values obtained from the numerical relativity simulation
SXS:BBH:3617, chosen to match the properties of the ob-
served event. The results highlight an intermediate region,
fmin → 110–140 Hz, where the parameters are consistently
recovered, while lower and higher frequency cuto!s lead to
biased or weakly constrained estimates.

binary. In particular, using the source parameters re-
ported by the LIGO-Virgo-KAGRA Collaboration, the
predicted values of A and p are in agreement with those
inferred here.

At low values of fmin, the recovered parameters are
not stable and exhibit a clear bias with respect to the
values recovered for intermediate values of fmin. This is
expected, as in this frequency region the signal contains
significant inspiral contributions, which are not captured
by our model. Despite the small statistical uncertainties
in this regime, driven by the larger SNR, the inferred
parameters are systematically biased.

At high values of fmin, the inference also deteriorates.
In this case, the available signal is progressively reduced
and the data become increasingly dominated by detec-
tor noise, leading to larger uncertainties and loss of con-
straining power.

An intermediate frequency range, fmin → 110–140Hz,
provides a stable recovery of all parameters, with credible
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FIG. 10. Posterior distributions for the remnant mass M and
spin ε obtained using di!erent lower cuto! frequencies fmin,
with fmax = 512 Hz. Contours correspond to 90% credible
regions, while one-dimensional marginals are shown along the
diagonal. Only a representative subset of frequency cuto!s
is displayed for clarity. In contrast with the phenomenologi-
cal parameters, the posteriors for (M, ε) remain stable across
the explored range, with their peaks consistently aligned with
the injected values. This indicates that the inference of the
remnant properties is robust against the choice of the fre-
quency band, in contrast with the behavior observed in stan-
dard QNM-based spectroscopy when varying the start time.

posterior intervals consistent with the reference values at
the 90% level in the region. This identifies the regime of
validity of the model for the considered dataset.

While the phenomenological parameters (A, p, c) ex-
hibit a significant dependence on the choice of the lower
cuto! frequency, a di!erent behavior is observed for the
physical parameters of the remnant. In Fig. 10 we show
the 90% posterior contours for the remnant mass M and
spin ω obtained for representative values of the lower
cuto! frequency fmin. In contrast to the phenomeno-
logical parameters, the inferred values of (M, ω) remain
remarkably stable across the explored frequency range.
Although small shifts appear at very low and very high
values of fmin, the posteriors largely overlap and are con-
sistent within their uncertainties. This behavior is in
contrast with standard QNM data analysis, where the
inferred posteriors for (M, ω) can be very sensitive to
the choice of the starting time tstart [23, 71], as we also
checked with an independent pycbc inference.

This robustness reflects the fact that M and ω set the
overall frequency scale and structure of the ringdown sig-
nal, which are already well constrained within a relatively
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 Analytical treatment in terms of transfer matrix

QNM spectral instability #3
Ianniccari+ PRL 2024
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Bonus Part
Black Hole Amplitudescopy
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BH spectroscopy
 QNMs in GR depend only on mass and spin → Null-hypothesis tests

 Searches for GR deviations:
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 QNMs in GR depend only on mass and spin → Null-hypothesis tests

 Searches for GR deviations:

Limitations of this approach:
1.  → no theory with this property 

2.     functions of coupling and spin → need to solve 
PDEs

Small-spin expansion Brute force numerical resolution
● High order needed
● Many parameters or theory dependent

● Accurate, but theory dependent

ParSpec: Maselli, Pani+ 2020, 2024; Carullo 2021
Small-spin: Pani+ 2009, 2013; Molina+ 2010; Pierini-Gualtieri 

2021, 2022; Wagle+ 2022, 2024; Cano+ 2022, 2023 

Review: Dias, Godazgar, Santos
Applications: Chung 2023-2024; Blázquez-Salcedo 2024

BH spectroscopy
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 QNMs in GR depend only on mass and spin → Null-hypothesis tests

 Searches for GR deviations:

Limitations of this approach:
1.  → no theory with this property 

2.     functions of coupling and spin → need to solve 
PDEs

Small-spin expansion Brute force numerical resolution
● High order needed
● Many parameters or theory dependent

● Accurate, but theory dependent

ParSpec: Maselli, Pani+ 2020, 2024; Carullo 2021
Small-spin: Pani+ 2009, 2013; Molina+ 2010; Pierini-Gualtieri 

2021, 2022; Wagle+ 2022, 2024; Cano+ 2022, 2023 

Review: Dias, Godazgar, Santos
Applications: Chung 2023-2024; Blázquez-Salcedo 2024

Can we find a ringdown test that is theory-agnostic, accurate, and practical?

BH spectroscopy
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Not only QNM deviations
 Lovelock theorem: extra DOF are almost unavoidable beyond GR

 Scalar: Horndeski, f(R)

 Vector: Proca-Horndeski, Einstein-Aether,      Horava, 
(Maxwell)

 Tensor: massive/Weyl/quadratic gravity

 EFT approach to GR

 Low-energy string theory

Sotiriou 2015
Berti+ 2015
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Not only QNM deviations
 Lovelock theorem: extra DOF are almost unavoidable beyond GR

 Scalar: Horndeski, f(R)

 Vector: Proca-Horndeski, Einstein-Aether,      Horava, 
(Maxwell)

 Tensor: massive/Weyl/quadratic gravity

 EFT approach to GR

 Low-energy string theory

 Two generic predictions of extra fields in the ringdown:

Deformation of the Kerr QNMs

Extra modes in the gravitational signal, excited during the ringdown

Sotiriou 2015
Berti+ 2015

This talk!
20/27
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Example: Chern-Simons gravity

Alexander-Yunes, 2009
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Example: Chern-Simons gravity

Nonspinning BHs = Schwarzschild, but different (axial) perturbations:    
Cardoso-Gualtieri, PRD 2009

Molina+ PRD 2010

Alexander-Yunes, 2009
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Example: Chern-Simons gravity

Nonspinning BHs = Schwarzschild, but different (axial) perturbations:    

 Deformations in the effective potential

 Scalar & grav perturbations are coupled

 Two classes of modes

 Coupled system of harmonic oscillators

Scalar modes in 
gravitational 
perturbations

Unavoidable when extra fields couple to gravity:

 Gauss-Bonnet [Blázquez-Salcedo+ PRD 2016], Weyl gravity [Antoniou+ PRD 2025], even Maxwell

Molina+, PRD 2010

Cardoso-Gualtieri, PRD 2009
Molina+ PRD 2010

Alexander-Yunes, 2009
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Modelling ringdown extra modes
Crescimbeni+ 2024-2025

Lestingi+ 2025
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Modelling ringdown extra modes

 Crucial simplification: amplitude proportional to the coupling → to leading order:

 Kerr QNMs known for any spin, only beyond-GR parameters: amplitudes & phases!

 Same pattern function and spheroidal harmonics → Inclination angle factors out

Pros: 

Crescimbeni+ 2024-2025
Lestingi+ 2025

22/26
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Amplitudescopy on real data 

 GW150914: golden event, still largest ringdown SNR, overtone debate [Isi+, Cotesta+ …]

 GW190521: upper mass gap, tentative detection of l=3 mode [Capano+ 2021]

 GW200129: “false” GR deviations, tentatively ascribed to precession [Maggio+ 2022]

GW150914

GR1 vs: GR0+S, GR1+S, GR0+V, GR1+V 

→ no evidence
Scalar- or vector-driven modes 
affect parameter posteriors 

23/26
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QNM shifts + extra modes
Recovery with right model Recovery without extra mode
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 Extra mode breaks degeneracy and allows using only fund. grav. QNM

QNM shifts + extra modes

right 
model

wrong 
model
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Part I
Amplitude-Phase Fits
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Ringdown

Progenitors Remnant

GW250114
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Modelling amplitudes & phases
Focus on circular, non-precessing binaries [see Anselmo+ 2512.05193 for precession]

 London+, 1810.03550, Cheung+, 2310.04489

 Forteza+, 2005.03260; Pacilio+, 2408.05276; Magaña-Zertuche+, 2502.03155, … 

 TEOBPM (Damour-Nagar, 1406.0401; Del Pozzo-Nagar, 1606.03952)

 SEOBNR (Y. Pan, A. Buonanno+, 1307.6232)

Progenitors Remnant
Fit model against Numerical Relativity simulations from SXS catalogue
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Crescimbeni+ 2511.02915Mismatch wrt NR
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Crescimbeni+ 2511.02915

Mismatch wrt NR

7/27



P. Pani - GreyRing - GWSky online seminar, June 2026

Good or Bad News?

 ET/LISA will ringdown SNR~100-1000 [Bhagwat+ PRD 2022, Bhagwat+ PRD 2023] 

 Are we ready for future detectors?

Simplistic rule of 
thumb to avoid 

systematics
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Amplitude-Phase consistency test

GW190521
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